Polymers constitute a large class of nearly incompressible solid materials (i.e., Poisson's Ratio near 0.5). These materials are often used as passive vibration isolators. Accurately modeling vibration isolators made of nearly incompressible materials has been extremely difficult with standard finite element analysis. This paper provides an alternative to the specialized finite element formulations currently used to model incompressible materials.
INTRODUCTION
Finite element (FE) codes typically cannot model incompressible materials correctly because the fully integrated models experience node locking [1] . Modifications have been made to the FE method to accommodate incompressible materials. One is to include displacement and hydrostatic pressure as unknowns. This mixed method, however, may still experience locking. Another method is to alter the numerical integration procedure used to evaluate the element stiffness matrix and internal force vector. This is the method used in Pronto3D [2] , a U. S. Government-owned code developed at Sandia Labs with strong export restrictions. Commercial codes, such as MSC/Marc [3] also use this method.
Another problem for modeling software is that of calculating the deformations and loads at a liquid/solid interfacial boundary. Polymer flow as found in injection, extrusion, and other polymer processing machinery is an example of this. Finite element codes are used to model solids, computational fluid dynamics codes are used to model fluids. Computational fluid dynamics (CFD) methods are classed as finite difference (FD) or finite volume (FV). Normally, a CFD code is used to model fluid flow and calculate the pressure at the liquid/solid boundary. FE code is then used to calculate the deformations and stresses in the solid. Using two different analysis techniques makes the process of design very difficult. Changes in the design mean changes must be made to the meshes for both the CFD and FE codes. Iterative designs are typically not done due to the cumbersome nature of making design changes.
Finite volume codes have recently been modified by Fallah, Bailey, and Cross [4] , Wheel [5] , and others [6] to model deformations in loaded structures.
To model incompressible materials, a mixed FV procedure that includes displacement and pressure variables is used. This is similar to the "mixed" FE method.
Finite volume involves integrating the terms of the NavierStokes equations over each control volume. This distinguishes FV from other CFD techniques. The resulting integrands express the exact conservation of the relevant properties (e.g., velocity) for each finite size cell. The conservation of the general flow variable within a finite control volume can be expressed as a balance between the processes increasing or decreasing it. The fact that the FV method guarantees local conservation of the fluid property for each control volume makes it desirable for performing the analysis of incompressible materials. This paper investigates the finite volume method for modeling incompressible materials because FV will not experience the locking that FE methods do. 
NOMENCLATURE
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COMPUTATIONAL FLUID DYNAMICS
In fluid mechanics, the equations of conservation are given by 
DISCRETIZATION
The transient, convection, diffusion, and source, terms are each discretized to approximate their integrals. The discretized form of the full equation is then obtained by adding together all these contributions.
If only the convection and diffusion terms are considered, and using arithmetic averaging in the evaluation of the face value of φ in the convection term, the discretized equation is
This can be rewritten as
where F f is the strength of the convection of φ , and D f is the diffusion conductance we can write
In the upwind scheme, by Courant, et.al. [7] , there is no alteration to the handling of the diffusion term but the convection term uses the upwind nodal value of φ for the estimated interface value. Thus 
The upwind scheme guarantees that the solution is bounded, but it often over predicts the diffusive effects.
The full discretized conservation equation is given by
with the Peclet number, , given by
The continuity equation is given by
∂ which can also be discretized to With adjustments at the domain boundaries, these equations may be used to calculate φ at all the element centroids.
MODIFICATION FOR SOLID MECHANICS
Fallah, et.al. [4] , have modified the solution procedure, above, for solid mechanics problems.
The momentum equations for solids in steady state combined with Hooke's Law gives
The Navier-Stokes equations without convection terms (i.e., low Reynolds number) are
A comparison shows that λ µ + corresponds to G/3, µ corresponds to G, and the velocity vector, v, corresponds to the displacement vector, u. Since the density variation in solids is negligible, the continuity equation may be neglected. These comparisons give
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TEST CASES FOR COMPARISON

Case 1
A 2-dimensional plane strain test case was run with the geometry shown in Figure 1 
The Von Mises stress for plane strain is ( ) 
Case 2
An axisymmetric test case using 40 x 40 elements with the geometry shown in Figure 6 was run. The axis of rotation for the FV solution was the bottom axis. The right boundary was fixed. An enforced displacement of 0.01 inch was applied to the left boundary. Figure 7 shows the radial displacements. The comparative FE model had the axis of rotation on the left edge, the bottom edge clamped, and the enforced displacement of 0.01 inch applied to the top edge. The radial displacements are shown in Figure 8 .
As with the plane strain model, there is good agreement between the FV and FE axisymmetric solutions. Comparisons of displacement and stress for the two solution methods are given in Table 2 . 
DISCUSSION
The results for the two simple cases presented above show promise for using FV to model incompressible materials. Since the formulation uses flow continuity through the elements, it is not subject to the nodal lock-up that FE-based methods encounter.
Finite volume requires that the initial conditions and boundary conditions from CFD are used to describe the problem.
Initial conditions must be specified throughout the solution region. That is, u must be specified for all elements at time t equals to zero. The initial conditions should satisfy continuity throughout the region.
Boundary conditions must be correctly chosen for the problem. There are three main types of boundary conditions in CFD. They are no slip, free surface, and outflow. In the context of solid mechanics, no slip means the displacement at the boundary equals the local wall displacement. A free surface means that the tangential stress components are zero at the boundary. This is the inflow condition when u is given as a function of position. It is a symmetrical or slip boundary condition when ∂φ/∂n = 0. For the outflow boundary condition, pressure is typically specified along with 0 = ⋅ ∇ u . Even when the pressure is not necessarily known, however, the solution will typically converge.
CONCLUSIONS
This paper applies the theory of Fallah, et. al. [4] , for the modification of CFD for solid mechanics. The theory shows promise for accurate modeling of incompressible materials. Work was done to implement the theory in a 2-D finite volume solver written in Matlab. This Matlab code has been released under the Gnu General Public License (GPL). Comparison of the code with finite element for two simple structures shows good correlation for nearly incompressible materials (Poisson's Ratio = 0.499).
Practitioners of solid mechanics may use the code from this work to model the behavior of incompressible solid materials. Material stiffness may easily be calculated from the pressure and displacement.
Until now, modeling incompressible solids has been very difficult to accomplish with the tools available in the public domain.
FUTURE WORK
The problem solution and boundary conditions in the current work have been implemented only for the simple 2-dimensional 4-sided orthogonal case. Multiple boundary conditions for domains containing steps and non-orthogonal shapes should be implemented. Irregular grids may also be implemented. Eventually, this work may be used as the basis for a 3-dimensional modeler.
[6] Demirdzic, I., Muzferija, S., "Finite Volume methods for stress analysis in complex domains," International Journal of Numerical Methods in Engineering, 37, 3751-3766, (1994). Copyright © #### by ASME 
